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emission spectrum is very different from the one obtained above threshold from the FM/AM ratio. Theoretical explanations for these results in apparent contrast were given in [10] and [7] : the above-threshold-measured LEF depends on the carrier filling and on the dynamics in the QD states that do not contribute to the stimulated emission process. Consequently the measured LEF above threshold is different from the one measured at threshold and depends on the operating conditions (i.e., bias current, modulation frequency, etc.). This behavior is the direct consequence of the complexity of the QD material: the carrier and photon dynamics can not be approximated, as in the bulk or quantum-well case, with a simple standard rate equation (SRE) system (i.e., one equation for carriers and one for photons [11] ) but it is necessary to introduce a model based on a set of multipopulation rate equations (MPRE model [12] ) for representing the carrier dynamics in the various QD confined states. The nonuniformity of QD dimensions, determined by the self-assembling growth process, causes an inhomogeneous broadening and an asymmetry of the gain spectrum. The primary consequence is that many of the conclusions derived from the analysis of the standard RE system are no more valid in the QD case. For example simple analytical calculations on the SRE system predict that when the LEF is zero at threshold, the laser chirp is zero as well [11] , but this conclusion is no more valid for QD-LD and a more complex model has to be considered.
According to these observations the LEF parameter losses part of its significance in quantifying the chirp properties of QD devices and it is better to address the problem of the frequency chirp avoiding misleading strict correlations with the LEF. The phase dynamics of QD-SOA has been accurately studied in [5] and [3] from both theoretical and experimental point of view whereas only few experiments report chirp measurements of QD-LD [13] , [14] and, to the best of our knowledge, the chirp properties of a single longitudinal mode QD-LD have never been theoretically analyzed. The purpose of this paper is to analyze through numerical simulations the chirp characteristics of QD-LD and show how the nonidealities of the QD material (i.e., inhomogeneous gain broadening, presence of several confined states in QDs and the wetting layer (WL), etc.) affect the chirp and push the laser far from chirp free operation.
The paper is organized as follows. In Section II, we present the equations of the numerical model used to the study of the static and dynamic characteristics of QD-LD [7] and in Section III we apply the model to the analysis of the frequency chirp of the directly modulated QD-LD. In particular, we propose some equivalent parameters that allow to identify the causes of nonzero chirp and to quantify the chirp in various operating conditions. Finally, in Section IV, we draw the conclusions. 
II. NUMERICAL MODEL
The numerical model we use to analyze the chirp properties of single longitudinal mode QD-LD is based on the MPRE formalism presented in [7] and in [15] . Here we briefly summarize that model in order to define the notations. The model include the presence of a separate confinement heterostructure (SCH) state where carriers are injected [15] , a WL state that acts as a common carrier reservoir [15] , [16] , [17] , and the dot states coupled to the WL. The several dot states, due to the nonuniform size distribution of the QDs, lead to the inhomogeneous broadening of the gain [15] , [16] . We have assumed that each QD has only two confined energy states, the ground state (GS) and the excited state (ES), the last one with a degeneracy equal to two due to the QD symmetry in the growth plane.
As in most of the papers that treat rate-equation models for QD materials [17] , [15] , [10] , we consider only the electron dynamics assuming that the hole dynamics is so fast respect to the electrons that all the gain and spontaneous emission dynamical properties of the QDs are almost determined by the electron dynamics in conduction band. This approximation was quantitatively analyzed in [18] and [19] ; the results show that the dynamics is mainly limited by the electron relaxations and the effect of the different electron and hole distribution are significant only at very low bias of the QD-LD. We consider this result a valid justification for the model we used and for the operation condition considered in this paper.
The carrier dynamics is schematized in Fig. 1 . The carriers are injected in the SCH barrier with rate , relax in the WL state with a rate or escape back in the barrier with the rate . From the WL, they can be captured in the dots of different size. To include the effect of the size fluctuation of the QDs, we have divided the QD ensemble in several subgroups each characterized by an average energy of the ES, , and of the GS, , respectively. Therefore, the WL state acts as a common reservoir from which the carriers are captured in the ES of the th subgroup with a rate and from the ES to the GS with rate . The carriers also escape from the GS back in the ES with rate or from the ES back in the WL with rate . Carriers can also recombine with radiative and nonradiative processes from the SCH, from the WL, and from the various confined states with rates , , ,
respectively. The rate of photons emitted out of the cavity is , with as the corresponding photon lifetime of the lasing mode.
The resulting rate equation system is as follows:
(1)
In the equation system (1)-(5), we have one rate-equation for the total number of carriers in the SCH ( ), one rate-equation for the total carriers in the WL ( ), and rate-equations for the carriers in the various QD subgroups ( and ). These equations are then coupled with the lasing photon rate (5); since we analyze here the behavior of a single longitudinal mode laser for telecom applications, we consider only one RE for the lasing photons (i.e., we have just one longitudinal photon mode indexed by ).
In (5) , the first term on the right-hand side represents the rate of photons emitted by spontaneous emission coupled into the lasing mode.
is chosen as the carriers in the QD state, ES or GS, with transition energy closer to the lasing photon energy . This means we assume for simplicity that only spontaneous recombination from the QD subgroup with recombination energy closer to feeds the density. This is an approximation because other QD groups can also give spontaneously emitted photons at due to the homogeneous broadening [12] . However, in the laser case, the spontaneous emission term is quite negligible above threshold and our approximation can be acceptable.
In (5) , the stimulated emission rate of photons is proportional to the gain calculated as the sum of the contributions from the various states (GS, ES) and the various QD populations at the mode recombination energy . Therefore, the terms and in (3)-(5) are calculated as
where and are the degeneracy of the GS and ES levels including the spin; is a constant [7] , is the dot density, are the transition matrix elements of the GS and ES recombination [15] , and are the filling probability of the GS and ES, is the existence probability of the th QD subgroup, is the Lorentzian homogeneous broadening function with width [15] . To calculate we have assumed the QD size distribution to be Gaussian satisfying . From (6) and (7), we can therefore calculate the gain for the recombination at the energy in any time instant . In (2)-(4), the capture times and are the average capture time from the WL to the ES and from the ES to the GS with the hypothesis that the final state is empty; the Pauli blocking terms that make the capture times actually dependent on the QD distribution and filling are explicitly included in (2)-(4). In the same equations we have neglected the Paoli blocking terms for the escape from the ES to WL and for the escape from the WL to the SCH because we assume the WL and SCH states are always weekly occupied [17] for the the current injection levels considered in this paper.
Furthermore, at room temperature and without stimulated emission the system must converge to a quasi-thermal equilibrium characterized by a Fermi distribution of the carriers in all the states. To ensure this convergence the carrier escape time are related to the carrier capture times as follows:
, with . For the escape time from the WL in the SCH we use with the density of states per unit area in the WL and the density of states per unit volume in the SCH. They are given by and . In the above expressions is the density of QD per unit area, is the number of QD layers and is the total thickness of the SCH, From the expression of we see that the carrier escape time from the ES is dependent on the ratio between the number of available states in the QDs and in the WL; it has been shown that this ratio influences significantly the laser dynamics [20] , [21] .
In order to study also the phase fluctuations of the lasing mode we include in our model the calculation of the refractive index variation due to changes of the carrier density in the QDs, in the WL and in the SCH. The variation of the refractive index at the lasing mode energy is given by the sum of two contributions: the term linked, through the Kramers-Kroning relation, to the gain variation ( ) and the term caused by the free-carrier accumulation in the two dimensional WL and the 3-D SCH (plasma effect, ) [22] . The expressions of these two terms are calculated as follows: where the index stays for the GS or ES transition; is the homogenous broadening function of the refractive index spectrum, it is given by (9) The free-carrier contribution is given by (10) where is the optical confinement factor in the SCH and WL and . The frequency fluctuation of the lasing mode is then given by (11) where is the total effective refractive index variation given by the sum of the terms in (8) and in (10) .
From the stimulated emission term in (3) and (4), we see that the lasing photons with energy depletes also all the other carrier populations with recombination energy due to the homogenous broadening function . For studying the phase dynamics of the lasing mode, it is important to note that a variation of the carrier density in the state cause in turn a variation of the refractive index at the lasing energy due to the broadening function. For clarity sake the broadening functions and are shown in Fig. 2 ; we observe that the width of the homogenous broadening function in Fig. 2(b) is much larger that the width of . As a consequence any carrier variation in the QD states that do not take part to the stimulated emission process (because function is too small) can cause also a significant variation of the refractive index of the lasing mode . This point is essential for modeling correctly the phase dynamics of QD-LD. 
III. NUMERICAL RESULTS
In this section, we discuss the simulation results obtained applying the previous model to the analysis of single-mode QD-LD frequency chirp. Table I reports the parameters of the QD material and of the laser cavity under investigation. The QD material parameters where found in the literature and corresponds to those of an InAs-GaAs QD material system. The inhomogeneously broadened gain spectrum of the QD material is shown in Fig. 3 (a); it has a GS peak at 0.96 eV and an ES peak at 1.04 eV. The LEF spectra of the QD material are shown in Fig. 3 (b) and are calculated at two particular currents ( mA and mA) selected as it will be justified in the following. These kind of spectra are similar to those could be obtained with experiments by amplified spontaneous emission measurements [2] . Fig. 3 (b) demonstrates that even if the gain spectra are not symmetric due to inhomogeneous broadening and the presence of the ES, it is, however, possible finding at some injection currents a value of the emission energy for example, 0.973 eV at and 1.04 eV at , see Fig. 3 (b) where the LEF is null. At these zero-LEF energies, the total variation of the refractive index respect to the bias points is null because the positive contribution to the refractive index variation due to recombination with energies lower than the zero-LEF energy is exactly compensated by the negative contribution due to recombination with energies higher than the zero-LEF energy. This analysis confirms that, even in presence of inhomogeneous gain broadening and ES, the QD material can give a LEF equal to zero for some range of current injection. We have, however, observed that this condition does not imply chirp free operation when we work with a LD with zero-LEF at threshold. The purpose of this paper is to analyze the chirp properties of QD-LD focusing on the large signal operation. The small signal analysis was already reported in [10] for a GS emitting laser and in [7] for GS and ES emitting lasers. To focus exclusively on the chirp properties we have chosen two particular devices: a QD single-mode laser diode emitting from the GS (LD1) and another one emitting from the ES (LD2) both with zero LEF at their threshold currents, mA and mA. This section is organized as follows: we first present the property of the frequency chirp of the directly modulated lasers and we analyze how the chirp depends on the working conditions (bias current, modulation depth, modulation frequency). We then analyze the chirp under nonreturn-to-zero (NRZ) modulation calculating the optical spectrum of the lasing mode.
A. Chirp Analysis
To analyze the chirp characteristics we have polarized both lasers at 25 mA and we have modulated them with a large signal sinusoidal current at 2.5 GHz. This modulation frequency is in both cases inside the 3 dB intensity modulation (IM) bandwidth of the devices (3.5 GHz for LD1 and 5.8 GHz for LD2). These IM bandwidths are rather small because the working wavelengths of LD1 and LD2 and the design of the cavity were not optimized to get the maximum IM bandwidth [23] but to have zero LEF at the laser threshold. We modulate first LD1 with a peak-to-peak current mA. In Fig. 4(a) , we show the output power and the frequency chirp of the lasing mode versus time; the figure evidence that even if we have zero LEF at threshold, the resulting chirp of the modulated LD is not null. In Fig. 4(b) we plot the power and the chirp of Fig. 4(a) in the power-frequency plane. This kind of representation ("fish diagram") was presented in [3] for the analysis of the chirp in quantum dash semiconductor amplifiers and we found it very useful to compare various simulation results and also for defining some equivalent parameters useful for the analysis of the chirp above threshold.
It is well known from the analysis of the SRE applied to bulk and quantum-well lasers [11] that the frequency chirp can be written as (12) where is the frequency deviation at the threshold respect to the cold cavity resonance and is the total output power; is the LEF at the laser threshold and is a coefficient that is proportional to the LEF and depends on the gain saturation [11, eq. (5.96)]. The first two terms in the right-hand side of (12) represent, respectively, the transient contribution to the chirp (proportional to the power variation) and the adiabatic contribution (proportional to the power).
From the simulation results in Fig. 4 , it is clear that expression (12) can not be used in the QD case for predicting the chirp characteristics reported in Fig. 4 ; indeed, if we use in (12) the standard parameters defined in [11, eq. (5.96)] the transient chirp   TABLE II  SEPARATE CONTRIBUTIONS TO THE CHIRP PARAMETERS would be null because we have zero LEF at threshold. We have also observed that it is not possible to fit the "fish" diagram defining in (12) an equivalent (different from the threshold value), because the fitting would be possible only in a limited number of cases. This means that we can not use as a constant in (12) , but it should depend on the . However, we can still use expression (12) to study the chirp under the following considerations.
1) The slope of the "fish" diagram (straight line in Fig. 4(b) gives the adiabatic chirp quantified by the parameter . The straight line is obtained connecting in the graph the two points where the power is minimum and maximum; in these point we have and, therefore, zero transient contribution.
2) The deviation from the straight line in Fig. 4(b) is the transient contribution to the chirp that can be written as . We calculate for the leading edge (LE) and trailing edge (TE) of the power pulse the maximum transient contribution and then we define an equivalent LEF for the two edges ( ) as
3) In the following, we will use the parameters and to quantify the adiabatic and transient chirp in any operating condition. For the example reported in Fig. 4 we have obtained GHz/mW, and . The values of the equivalent LEF are comparable with those obtained by chirp measurements of QD-LD in [14] ; we have also two different values for the LE and TE as measured in [3] . To better understand which are the main mechanisms that cause a nonzero chirp above threshold, we have calculated the separate contributions to due to the carrier variation in the QD GSs with emission energy lower then the lasing energy (we call it red GS contribution), in the QD group with emission energy equal to the lasing energy (lasing contribution), in the QD GS with emission energy higher than the lasing energy (blue GS contribution), in the ES (ES contribution). For each of these contributions we have then evaluated the equivalent parameters and ; the results are summarized in Table II . The plasma term in Table II indicates the contribution due to free-carrier accumulation in the WL and SCH states; it is practically null because the WL and SCH are in this case practically empty. This plasma contribution can become more relevant if the separation between the GS and the WL is reduced [10] . The table shows that the adiabatic chirp is mainly due to the ES contribution; this is because the carrier density accumulated in the ES at can be significantly different from the threshold value. In [17] , it was indeed shown that in a QD-LD the carrier density is not clamped at the threshold, but it continue to increase in those states that do not participate to the stimulated emission process.
From Table II , we also observe that the equivalent LEF of the red GS is always negative whereas the equivalent LEF of the blue GS and ES is always positive. These contributions have always opposite signs because an increase/decrease of the carriers in the red states causes a negative/positive frequency shift of the lasing wavelength. On the contrary, an increase/deacrese of the carriers in the blue states and in the ES produces a positive/negative frequency variation. Even if these contributions have opposite signs they do not cancel each other as it happens at threshold, because the variation of the carrier occupation of the various states and the carrier dynamics in these states is different from the threshold. To better explain this point we report in Fig. 5 the variation of the carrier densities respect to their threshold values; we see that the carrier variation in the red GS and in the lasing states is rather small (less than 10%), the variation of the blue GS population is a bit larger (between 10% and 20%) but the variation of the ES carriers can be an order of magnitude higher. The higher energy states of the ES can indeed capture a lot of carriers that are only poorly depleted by the stimulated emission process. Table II also shows that the chirp due to the lasing QD group is practically zero even if the carrier variation is of the same order of the red GS. This is because the spectrum of the refractive index variation due to this group of dots has an odd symmetry around the lasing wavelength. This result shows that the chirp remains zero only if all the injected carriers are captured in the lasing states; this is not the case of a standard QD-LD because many other states (ES, GS in QD of other sizes) are available for the carriers. The same analysis was repeated for LD2 with mA chosen to have the same range of variation of the output power. The corresponding fish diagram is shown in Fig. 6(a) ; the Lemniscate-like shape of the diagram is due to the time delay between the power and the chirp variation (i.e., when the power starts decreasing, the chirp continue to increase). The variation of the carrier population respect to the threshold value is in Fig. 6(b and the equivalent parameters for the various contributions to the chirp are in Table II . In this case the red/blue contributions are from those ES populations that have energy lower/higher than the lasing energy; for LD2 the GS contribution is due to the carrier accumulated in all the GS of the various QD subgroups. From Fig. 6(b) , we see no variation of the GS population during a modulation period because the GS carriers remain practically clamped for the particular operating condition we have chosen. We can therefore predict that the contribution of the GS to the frequency chirp of LD2 is practically null. Table II shows that the adiabatic chirp and the equivalent total LEF on the LE ( ) are now significantly reduced respect to LD1. On the LE the red and blue ES are filled at the same rate by the injected modulation current and the red negative contribution to nearly compensate the blue positive one; furthermore the contribution from the WL and SCH is practically null. On the contrary the equivalent LEF on the TE ( ) is negative, higher than the value on the leading edge and it is mainly due to the carrier dynamics in the red ES. The red contribution dominates because on the pulse trailing edge the red ES is depleted by the power pulse with a rate higher than the blue ES . This behavior is particularly strong when we modulate with a frequency around the intensity modulation resonant frequency (estimated to be 2.9 GHz in this bias condition) and can not be observed in LD1 because the chirp is dominated by the carrier dynamics in the ES. We have seen that the value of of LD2 is significantly dependent on the working conditions and can be reduced with a proper choice of the bias point (see Section III-B). In this example the plasma contribution is negligible as for LD1, but it may be more significant if the bias increases or the energy separation between ES and WL reduces because in these conditions the WL would accumulate a significant carrier density [6] . Fig. 7 . Chirp parameters of (left) LD1 and (right) LD2 as function of the bias output power. For any bias point, the peak-to-peak modulation current has been chosen to guarantee an output power extinction ratio of 10 dB.
B. Dependence of the Chirp on the Working Conditions
In the following, we analyze how the chirp of LD1 and LD2 modulated with a sinusoidal current depends on the working conditions such as the bias current, the peak-to-peak modulation current and the modulation frequency.
In the first example, we modulate both lasers with a large signal current at 2.5.GHz and we vary the bias current to get bias output power from 10 to 40 mW; for each bias point the peak-to-peak current is chosen to have an output power extinction ratio of 10 dB. In Fig. 7 , we plot the extracted chirp parameters and the corresponding contributions from the various states as a function of the output power at the bias point. The figure demonstrates that for any bias current the chirp parameters [ in Fig. 7 (a)-(b) and equivalent LEF in Fig. 7 (c)-(f)] of LD1 are higher than in LD2. The equivalent LEF parameters ( and ) always increase with increasing bias and in the case of LD1 the equivalent LEF reaches values even higher than one. A similar behavior has been experimentally observed in [2] through the small signal measurement of LEF from intensity over frequency modulation response and theoretically confirmed in [6] and [7] . From Fig. 7 (c)-(d) and (e)-(f), we see that the mechanism responsible for the increasing LEF are different in the two lasers. In LD1 [ Fig. 7(c) and (e)], the blue and red contributions remain practically constant with bias and the increasing contribution is only due to the ES. In LD1 the chirp is indeed dominated by the increased carrier occupation of the ES and of the WL because the carrier density of these states are not clamped by the stimulated emission of the photons. On the contrary in LD2 [ Fig. 7(d) and (f)] the GS contribution is practically null and the increasing chirp is due to the nonexact compensation between the blue and red ES contributions. In the leading Fig. 7(d) ] the two contributions nearly compensate at low bias; at higher bias, the blue contribution prevails on the red one. On the trailing edge [ Fig. 7(f) ] the behavior is opposite the red contribution is the dominant one.
As a second example, we analyze in Fig. 8 how the extracted equivalent LEF on the LE and TE depends on the modulation current. At this purpose LD1 and LD2 have been polarized to have 2.5 and 25 mW output power an we have varied the peak-to-peak modulation current from a very small value (one tenth the bias current as in a small signal regime) to a very large value (twice the bias current to operate in large signal regime). These results show that when we operate at low bias (output bias power of 2.5 mW) the equivalent LEF is very close to the zero threshold value and it starts increasing slightly if we move far from a small signal condition. In LD1 the equivalent LEF is strongly dependent on the bias point whereas it is practically unchanged with bias in LD2. For both lasers the dependence on the peak-to-peak modulation current is more pronounced when the output bias power is high (25 mW in Fig. 8 ).
Finally, in Fig. 9 we study the dependence of the equivalent LEF on the modulation frequency. The lasers are polarized to have the same output power of 23 mW. At these bias points the IM response 3-dB bandwidth was calculated equal to 4 GHz for LD1 and 5.2 GHz for LD2. We have varied the modulation frequency from 500 MHz to 7 GHz in the small ( ) and in the large ( ) signal regime. Fig. 9(a) and (b) shows that the dependence of the chirp on the modulation frequency is more pronounced in large signal regime. The figures also show that the chirp depends more on the peak-to-peak modulation current if the modulation frequency is low whereas the equivalent LEF parameters in both small and large signal regime converge to the same value when we modulate at frequencies higher than the 3-dB bandwidth.
C. Chirp With NRZ Modulation
The last case we analyze is the behavior of the two lasers under NRZ modulation at 2 Gb/s with a periodic bit sequence 
.
In this analysis, the current pulse has a raised cosine shape and the current corresponding to the zero is chosen just above the threshold current. We analyze here two cases with current pulse mA and mA. To quantitatively compare the effect of the chirp in the various conditions, we have calculated the optical power spectrum of the lasing mode; the results are reported in Fig. 10 . We see that increasing the spectrum of LD1 in Fig. 10(a) broadens only on the short wavelength side, whereas the spectrum of LD2 in Fig. 10(b) remains symmetric around the peak since it broadens equally on both sides. The broadening of the spectra in both cases is due to the excitation of the higher order harmonics caused by the squared current pulse. If the chirp is null or practically negligible the broadening is symmetric around the peak. If the chirp is not null with a predominant positive frequency shift the spectrum broadens on the short wavelength side, on the contrary it broadens on the red wavelength side if the chirp is dominated by a negative frequency shift. The broadening on the short wavelength side of the spectrum of LD1 [ Fig. 10(a) ] is another sign of the positive frequency chirp caused by the carrier accumulation in the ES. The comparison of Fig. 10(a) with Fig. 10(b) also evidences again the chirp of LD1 is higher than in LD2.
IV. CONCLUSION
In this paper, we have used a multipopulation rate-equation model to the analysis of the frequency chirp of two single-mode QD-LD modulated with a large signal current and emitting from the GS and from the ES, respectively. In order to stress the effect of the chirp we have chosen the laser cavity parameters to operate with a threshold current with zero LEF at the two lasing wavelengths. We have then presented a method for the analysis of the chirp based on the definition of some equivalent parameters that allow to quantify the adiabatic and transient contributions in various operating conditions. We have then analyzed how the two contributions vary with the bias current, the modulation depth and the modulation frequency. We have shown that the carrier accumulation in the QD states slightly involved in the stimulated emission process can cause a nonzero chirp above threshold. We have also observed that a QD-LD emitting from the GS gives a chirp significantly higher respect to a QD-LD emitting from the ES, because the carriers accumulated in the ES cause a significant refractive index variation also at the GS lasing wavelength.
